Determining the spin Hall conductance via charge transport 
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We propose a scheme where transport measurements of charge current and its noise can be used to 
determine the spin Hall conductance in a four-terminal setup. Starting from the scattering formalism 
we express the spin current and spin Hall conductance in terms of spin-dependent transmission 
coefficients. These coefficients are then expressed in terms of charge current and noise. We use the 
scheme to characterize the spin injection efficiency of a ferromagnetic/semiconductor interface. 

PACS numbers: 72.25.Dc,72.70.+m,71.70.Ej,85.75.-d 
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The spin Hall effect (SHE) due to spin-orbit interac- 
tion is one of many spintronics 0,0 phenomena currently 
under intense study. Initially the SHE was considered as 
an impurity driven effect [3J, |j] , referred to as the extrin- 
sic SHE. More recently, theoretical work predicting an 
intrinsic version of the SHE 0, Q has sparked renewed 
interest in this phenomenon. Subsequent papers have 
dealt with both the effects of impurities 0, H, El E3, E3 
and finite size effects within the scattering formalism 
El ES 13 E3 on the intrinsic SHE. Recently the ex- 
trinsic SHE was observed in electron doped systems E3 > 
where the spin accumulation at the sample edges was de- 
tected via Kerr rotation and from this the spin current 
was inferred Ell- Also, observation of the intrinsic SHE 
in two dimensional hole systems has been reported E3- 

The characterization of spin dependent transport via 
current-current correlations (noise) has received consid- 
erable attention recently as well. The charge current 
noise was proposed as a means to determine spin entan- 
glement Eo, Ei| , and the full counting statistics of spin 
entangled electrons was considered [20|. On the other 
hand, the spin current noise was proposed as a way of 
probing interactions |2l) and the full counting statistics 
of spin currents were investigated ■ 

In this letter we propose a method of using charge cur- 
rent and charge current noise to determine the spin cur- 
rent and, in particular, the spin Hall conductance in a 
four-terminal setup. Our proposed scheme is quite flexi- 
ble and can be applied to many different systems as long 
as they can be described by the scattering formalism. 
Quite remarkably, the scheme does not require the de- 
tection of individual spin components of the current, and 
both the spin currents and spin conductances can be ex- 
pressed in terms of electrically detected quantities, i.e. 
the charge current and noise. 

Spin Hall effect In extended systems with spin-orbit 
coupling the spin current density is defined as = 
§{i 7 (f), o^}, where j 7 (r) is the particle current density 
operator and & n is a Pauli matrix [a S B S LLii III! • 
We note that this spin current does not fulfill a continuity 
equation in systems with spin-orbit interaction |2.'l 12 ll 
|2J| and its connection to spin accumulation is still not 
clarified. 



We consider a four-terminal device where a charge cur- 
rent is driven by an applied voltage between two leads, 
e.g. lead 1 and 3 in the setup depicted in Fig.^ and at the 
same time measuring the voltage, or current, which de- 
velops in the two transverse leads 2 and 4. Spin-orbit in- 
teraction in the sample plays the role of the magnetic field 
in the standard Hall setup and gives rise to a spin current 
flowing perpendicularlyto the charge current driven by 
the applied voltage 0SI!E0iliE3E100|25||. 

The leads are assumed to have no spin-orbit interac- 
tions [l2l Il3l H4I E| and thus the spi n current is well 
defined. In the scattering formalism | 26| the spin current 
then becomes 



j dETT { a zS a psl }(f a 



U), (i) 



where s a p are scattering matrix elements between leads 
a and /3, and f a — f(E — fi a ) is the Fermi function 
in lead a at chemical potential fi a . The charge current 
in lead a is given by a relation similar to Eq. QJ, 
with a z replaced by the identity. The energy argument 
of the Fermi function has been suppressed, similarly for 
the scattering matrices s a p which in general also depend 
on energy. The hat denotes the spin structure of the 
scattering matrix 



Sa/3 



'a/3 °aB 



(2) 



where s^p denotes scattering of a transverse mode in lead 
[3 with spin s' to a transverse mode in lead a with spin s. 
Note that each element ^ in Eq. J2J) is still a N a x Np 
matrix in transverse mode space. If lead a has only one 
single transverse mode, the matrix product in Eq. 
becomes 



T, 



T1 



in 



a8 




(3) 



where the transmission coefficients T^p are numbers, 
possibly complex for the off-diagonal ones, irrespective 
of the number of transverse modes in lead j3. As long as 
the spin quantization axis of all leads is chosen to be the 
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FIG. 1: Spin Hall effect in a four-terminal setup where a 
charge current flows from lead 1 to 3, resulting in spin currents 
in leads 2 and 4. No charge current flows in lead 4, see text for 
details. Only the hatched central region has spin-orbit (SO) 
coupling and is connected to leads 2 and 4 by single mode 
QPCs. The chemical potentials are /Xj = /Lto + eVj. 



same the off-diagonal matrix elements in Eq. J3J are real 
|27j . The spin and charge current in lead a is thus 



s/c\ _ 



(IT) 







M- (4) 



In the following we consider the linear transport 
regime, where the conductances are given by spin de- 
pendent transmission coefficients, similar to the ones in 
Eq. Knowing these allows a complete determination 
of the charge and spin currents. To illustrate this we 
consider the SHE in a four-terminal setup, see Fig. ^ 
We recall that in the infinite system, the (electric field 
driven) charge current induces a pure spin current (with 
no accompanying charge current) flowin g in perpendicu- 
lar direction BUSSHHUHSEIlll! MiM t o 
achieve such a situation also for the setup in Fig. ^ a 
positive voltage V\ is applied to lead 1 and a negative 
one V3 to lead 3. This results in a charge current flowing 
from lead 1 to 3 and the values of V\ and V3 are set by 
the requirement of zero transverse charge current in lead 
4: 

(I c 4 ) = {TuM ~ Vi) + T 43 . p (V 4 - V 3 )) = 0. (5) 



P =± 



(If) is left unspecified, see also below Eq. 10. Here we 
have introduced the transmission eigenvalues Tn-p and 
?43;p of Eq. © for /3 = 1 and 3, resp. In terms of these 
eigenvalues both the current and noise will take on a 
simple form [2^. The quantum point contacts (QPC) 
are used to ensure that only a single transverse mode 
couples the scattering region to leads 2 and 4. Taking 
into account the constraint imposed by Eq. (jSJ), the spin 
current flowing in lead 4 takes the form 



(H) = j ( (T< 
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where g a p = J2 P T a p;p > is the dimensionless con- 
ductance between leads a and j3. To proceed further 
we make the following assumptions about the spin-orbit 
interaction. The spin state labeled 'up' is predomi- 
nantly scattered to the right, with respect to its prop- 
agation direction. This results in (T 4 \ T — Ijf) > 
and (tJJ — T43) < 0, since electrons going from lead 
3 to 4 'turn left' with respect to their propagation di- 
rection. This assumption is not very restrictive and is 
satisfied by various known spin-orbit scattering mecha- 
nisms [ISIlEHIEHHOHHIHIil. with this 

we write the spin current as 



(U 



~T I J- 41 J 41 I ' l J 43 - 2 43 

n \ 943 



(Vi-Vx). 



(7) 

Unless one knows the details of the spin-orbit scattering 
one cannot tell whether spin f or J, is scattered more to 
the right and so the direction (sign) of the spin current 
is unknown. From the spin current in Eq. J7J) we define 
the spin Hall conductance as (e > 0) 
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Eq. © gives the spin Hall conductance G S H , up to a sign, 
as a function of the spin dependent transmission coeffi- 
cients. From this we also see that the maximal possible 
spin Hall conductance is G S H = e/47r, this bound result- 
ing from the QPCs single transverse mode. As we will 
show below, the spin dependent transmission coefficients 
T£% can be determined using standard transport mea- 
surements of charge current and noise. In Eq. © no as- 
sumption was made about the sample symmetry. In gen- 
eral it is not possible to simultaneously ensure (1$) = 
and (J4) = 0, due to asymmetries. However, this is not 
critical since G S H is defined using only one of the two 
transverse leads. For symmetric structures 543 = 341 
and - T 4 V I = |T 4 T 3 T - | , which reduces the number 
of measurements required to determine T^g . This sym- 
metry will be broken if a perpendicular magnetic field is 
applied pjof . 

Let us now determine T|f . With all leads at chemical 
potential fj,o , except for lead 1 where a bias V\ is applied, 
the charge current in lead 4 is written in terms of the 
transmission eigenvalues as (/£) = — ^ $Jp=± T^i ]p . 

Next we introduce the excess noise AS a 0, which is the 
total noise S a p minus the Johnson-Nyquist contribution 
2 ks ^ e2 (g al3 + gp a ) [26|, The excess noise in lead 4 be- 
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comes (voltage V% applied to lead 1) 

2e 2 



AS 4 
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2e 3 
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542541+2^^). (16) 
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where /o = f(E-^o) &ndF(x) = coth(a;/2)-2/a; |3lJ. In 
the following we will assume that the transmission eigen- 
values do not change much 0| within the bias window, 
but apart from that only the unitarity of the scattering 
matrix was used to derive Eq. (|10J) . From the charge 
current (If) and Eq. (|10|) we obtain 



44 



1 1 / , . hAS. 
T 41;± = -54i ± 2^541(2 - 54i) - 



(11) 



In deriving Eq. i|ltj|) time reversal symmetry was as- 
sumed, i.e. in the absence of a magnetic field B. [We note 
in passing that this can be generalized to B ^ by in- 
corporating the appropriate symmetries of the scattering 
matrix s a p(+B) = (iS y;Q )^ 1 (sj 3Q (-B))*(iI] y;/ 3) where 

iTiya — ^ j ^0 ) comes from the time reversal op- 
eration.] The off-diagonal element can thus be expressed 
in terms of charge transport quantities 



The conductance is determined by the current, 541 = 
h }Iy ■ For simplicity we have assumed e\V\\/kBT » 1 
but the results are easily generalized to arbitrary tem- 
peratures by \eVi \ -> eViF(eVi/k B T). 

In terms of <5T 4 i = T41.+ — T 4 i ; _ the excess noise in 



4|T 4 Y| 2 



feAS 21 (y 4 ) 
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Eq. IjlUI) can be written as AS44 



(.94i(2 - 541) 



<5T 41 ) > 0. This relation shows that the excess noise 
AS44 decreases with increasing 5T±i, ensuring that the 
argument of the square root in Eq. (fTT|l is positive. 
According to Eq. © the spin Hall conductance is in 



part determined by |T 4 \ T - T 4 V|._ This quantity can be y ': ( , (| ^pin Hall conductance from Eq~ © 



t[ 1 



Here we have added an argument to each noise measure- 
ment to indicate that, e.g., AS^V^) corresponds to the 
excess noise in lead 4 with a finite voltage V 2 applied only 
to lead 2, again assuming T*% to be constant [34]. 

With the same procedure we obtain T|| : (i) apply 
voltage V3 to lead 3 and measure AS44, which gives T^±, 
(ii) apply voltage V4 to lead 4 and measure AS 2 3, which 
gives IT43 |. All these measured quantities taken together 



written in terms of the transmission eigenvalues as 



rr 



T#\ = V(T 41;+ -T 41; _)2-4|T 4 y 



U12 



(12) 



G' H = 



If the off-diagonal terms vanish then the spin cur- 
rent Eq. (JJJ is completely determined by the transmis- 
sion eigenvalues, i.e. \Tll-T$\ = |T 4 i ;+ -T 41; _|. When 
1^41 1 7^ 0, additional measurements are necessary. With 
a voltage V 2 applied to lead 2 the charge current and 
excess noise in lead 4 are given by 
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For non-magnetic leads and forward scattering (from lead 



4 to 2) we have T 4 T 2 T = |32j, which results in T 42 . ± = 



41 



T 4 T 2 T ± [T^j. Assuming that T 4 ' 2 4 is real we get 



-Hi 



^1 = ^/542(2-542)- 
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Applying a voltage V4 to lead 4, the charge current 

t I 

cross-correlation between leads 2 and 1 gives T 41 via the 



This equation is the central result of our paper from 
which we see that the spin Hall conductance G S H can be 
solely obtained by charge transport measurements with- 
out the need of any spin dependent detection. This result 
applies equally to the extrinsic and intrinsic spin Hall ef- 
fect, with no size restriction on the SO scattering region. 
Our scheme is restricted to only a single transverse mode 
in the QPCs. In case of more transverse modes, but still 
few, numerical analysis can be used to extract informa- 
tion about the transmission eigenvalues [13 ■ However, 
since the spin polarization only comes from the 'active 
region' we expect that opening up the QPC (for larger 
current) should not greatly change the amount of spin 
polarization determined for the single mode case. 

Spin injection. Here we consider a hetero-junction, 
consisting of a semiconductor and a magnetic material 
(ferromagnet or magnetic semiconductor) which serves 
as an spin injector, see Fig. [21 This setup allows the 
characterization of the spin injection from lead L to lead 
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C. The QPC, which is assumed to have known scatter- 
ing properties, ensures a single transverse mode in the 
detection lead R. The number of transverse modes in 
leads C and L is arbitrary, so the area of the interface 
cross-section is not constrained. The spin quantization 




Interface QPC 

FIG. 2: A schematic setup of spin injection from a mag- 
netic (FM) lead L into a semiconducting central region lead 
C which is connected to lead R via the QPC. The interface 
between L and C can be clean or disordered. 

axis is chosen along the magnetization direction of the 
ferromagnet and it is assumed that T]} R <C Tj Lr ^j, 
which is a good approximation for ferromagnets |27j . In 
this case only a single charge current and noise measure- 
ment is needed to obtain \Tj} R — T^ R \, from which the 
polarization p of the injected current is obtained from 
Eqs. (D, {TTJ and {T2Jl (replacing the subscripts 4, 1 with 
L,R) 

(I s r) 1 / Z j hAS RR (V L ) 

P=TTFT = \9lr{2-9lr) tttt-, — , (19) 

9LR\j e 3 \V L \ 

where Vl is the bias applied at lead L. Since the scat- 
tering from C to R is assumed to be non-spin-selective, 
it is a reasonable assumption that the polarization ob- 
tained via Eq. Ijl9|l characterizes the spin polarization of 
the interface between leads L and C, even for a QPC 
with many transverse modes. 

In summary, we have introduced a scheme using charge 
current and noise measurements to extract spin polariza- 
tion, without the need of spin- resolved measurements. 
The theory is based on the scattering formalism which 
makes this scheme quite flexible and applicable to many 
different systems. 
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